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Example exam in AADS 2024-2025

Kebenhavns Universitet

Instructions

You have four hours to complete the exam. You are allowed to use aids but you are not
allowed to use your own computers, tablets, caleulators, mobile phones or headphones.

The exam has two parts. A “multiple-choice part” and an “open part”. There are 12
multiple-choice questions and 4 open questions. Each of the 12 multiple choice question is
worth 6 points. Each of the open questions is worth 7 points. The total number of points
is 100

Multiple-choice part. You should start vour submission with vour solutions to the multiple-
choice part. Your submission should start with 12 rows, And on row i yvou should write i
and then your answers in numbers. As an example, it should start in this format:

12,35

2,2

3.5, 6

12,5

In all multiple-choice gquestions, there could he more than one true option. To get a full
grade (6 points). you should mark exactly all the correct optious. If you mark a non-empty
subset of the correct options you get half the points (3 points). In any other case, you get
0 points.

Open part. The solutions to the open questions should appear in the order of the questions.
The salutions to question ¢ shonld start with the title “Solution to guestion i", Write your
solutions clearly and accurately. Your grade will be determined both by the correctness

and by the clarity of your answers.

Naotation. Throughout the exam we use [n] (o denote the set [n] = {1,2... . n}.
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© 1 Random cuts (6%)

Lot n = 3 be an integer and lot (7, be the n-cyele graph with one edge extra attached to
it. That is, its vertex set is [n+ 1] and its edges are {1,2}, {2,3},.... {n—1,n}, {n,1} and
{L.n+ 1} Run the randomized min-cut algorithn for one iteration on Gy, (that is, just
until the algorithm finds a et this cut could be a non-min cut). What is the probability
P that algorithm outputs a minimum cut?

@ pez 0t
@pﬂ-‘zﬂ,—:

(3)-

(o) X

3 opa = 1), ’\
(1) pu < O2).

5. po < O(%). @

@p,. < 0(1).
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2 Hashing (6%)

Let n = 10 be an integer. Let A be a strong universal hash fimetion from [n] to [n]. That
is, PriH () = a, H(y) = b] = 2 for all a,b € [n] and all distinct x,y € [n]. Let € be the
nutmber of collisions:

L
!

s
N

C={(x,y) € [n] x[n]: H{x)=Hy)}.

(Tt 15 a random variable.) What is the expected value of 7
1. Exactly n.

Exact-]_\-' n—1.
At st 101
At most .

4 At most 5.

A0 AL most .
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3 General complexity (6%)
Which of the following is true?

. 4 N * . " _— o ;s ing ' - "
There is a function f - {01} — {0,1} that can not be computed by a Turing kﬂG Nete

7/ machine.

6 2. There is an integer nand there is a function f: {0, 1}" < {0,1} so that f can not
be computed by a Turing machine.

. n
[r P = NP, then SAT can be decided in time O(2v7).  §pt (o1 he Gol “’Z”( ifl O [l’ﬁ )
0 fP = NP, then there is an NP-hard language L so that L & P.

N

ool

&
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Z 4 Small languages (6%)

We say that a langnage L < {0,1}" is small if for every integer n > 1, we have that
L{0, 11 < n*. Which of the following is true?

There is a small language L that can not be decided by a Turing machine,

7. ’l‘hcrc is a small language L that is not in P.
q’ @Tll{‘.l‘(‘. is a small language L in P.

f L is small and L € P then the language {(1", k) - [LN{0,1}"] = &} can be decided
by a Turing machine.

5. If L is not small, then L is not in P,

6, If L is small, then L is in P.

A W (}.CEC@‘teﬂTL (aﬂ% [l‘xg% QJ_Q [orrd ﬁ;a ST
d '@ﬁg' oy there ‘ofe £ n alleptad_ lamlogs

There are (€55 YNy ol loptel
o4 Ouye 1N 10/)3

5 Linear programming (6%)

Let
2 1
J =i 1 . _ .
A= 0 -1 and b= (5 5,0,6).
11

Let P = {wec B*: Ar < b}, Which of the following is true?
1. The polvtope £ has 4 vertices.
. Let F(x) = {e,r) where ¢ = (1,1). Then, max{F(x):x € P} =5

. Let Gx) = (e, x) where ¢ = (—10,2). There is » € P so that for all " € P so that
' # ¢ we have Glr') < Glz).
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2, Let F(x) = (e, ) where ¢ = (1,1). Then, max{#(x):x € P} =5,

' # o owe have Glr') < G(x).

4.
Hiy) = {b.y). Then, min{H{y):y € Q} = 6.
[ 2%,-S &%,
3 L ~S%-S & %,
3 Ko 20
N x-6 20
L2414 LS
7 =S¥, +1g, &
3 -l <o
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g
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3 X £.O 7\ Ll ;’;
Y ¢ +%, 26 J 2
\ X, &-2%e ¥
T % €X1S 2y, SyOntvy 2. |

>
Y f7L—7’5+7L[ - '

Y X, 20
G
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Let G(x) = {r,z) where ¢ = (=10,2). There is x € P so that for all ' € P so that

Let @ = {y € B': ATy = ¢} where ¢ = (1.1}, and let H : B* — & be defined by

Linear Programming (6%)

Lt

[ ¥ O [/

7 =X 13 L6

o 3 Tk £-L
b= (4,6, 2.3} Y Rj~¥qg £

AR LM<t

B
2 Xe £ BRI
L X2z |

Xe 2%, 73

Lt
Felrel e b}

Which ad the falming o rue?
1. The poiytope F' has 5 vertices. 4

I, wheere = [2, 1) Then max{Fiz} :x € P] =&

I, whare iz = [~1,4) Thermin x & Faathatforal 2' & Puths' o 2w

2 Le Flz) =
Lo €3]
hawe G} = £¥).
Les
Q={ye® ATy =k
mhwew = {1, 2} and bt Hig) = (&) Then msind Hly) e 9] = 7
pin Uy +6n —%rs
1
Y, Ty 2
- - >
2y 3yl Yy 2 T
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6 Art gallery (6%)

In this question, the guards can guard in a 90° angle (if the guard is placed at the point
x & R, there are two perpendicular lines through @ not necessarily parallel to the axis
and the gnarded area is one of the quadrants defined by the lines). What is the minimm
number & of 90%-angle guards that are needed to guard a convex polygon P ¢ R*?

1. k=1
0%
3. k=3

@Wc need more information about P to decide k.

A

e
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7 Helpers (6%)

We apply the algorithm MAKEMoNOTONE from page 53 of Chapter 3 of the book Com-
putational Geometry: Algorithms and Applications to the polvgon in Figure 1. What are
the helpers of the edges be, e f, hi just after the vertex e has been handled?

Figure 1: A polygon

—t—wtper(be) = b, helper(ef) = e, helper (i) = I

DI S i

Ll L el
e o B L E L) Lo e B B L TR LA

%‘u TeTTe | — J. elperii] =1

@ helper(be) = e, helper(e f) = e, helper(hi) = h

Lt o
Frim——c
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8 Approximate covers (6%)

The SET-COVER problem generalizes the VERTEX-COVER problem. Every input to
VERTEX-COVER is also an input to SET-COVER. In class, we have seen a (matching-
hased) approximation algorithm APPROX-VERTEX-COVER for vertex cover and a greedy
approximation algorithm GREEDY-SET-COVER for set cover.

Let & = (V, E) be an input to VERTEX-COVER. Which of the following is true?

/@l\’u can reduce the problem of finding a minimum vertex cover in & to an instance
{set cover 1 = (X, F) where X is F and there is one set in F for each v € 17,
J ot tvue
2. We always get a better approximation ratio by using the algorithm GREEDY-SET-COVER 7 Hovb
on the instance G instead of using the approximation algorithm APPROX-VERTEX-COVER -

for vertex cover directly on G.

here are graphs on which using GREEDY-SET-COVER on the instance I perforis
worse than applying APPROX-VERTEX-COVER directly on G.

The algorithm APPROX-VERTEX-COVER does not necessarily find a matching in

G of the maximum possible size.

5. The algorithm APPROX-VERTEX-COVER for vertex cover always finds a matching
in G of the maximm possible size. N0 o8 that Weutd Re all yergex:

ud{,e#% Eormly OF

et
x /) %@K wowy © ¢

wvel ket
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9 FPTAS (6%)

For some optimization problem, we have a P'TAS which achieves an approximation ratio of
I +ein fin, =) time for any fixed = > 0. For which of the following cases is it an FPTAS?

)= (/e Mot ! 5
3. fne) = (1/e)=". not VOl m
@ fin,e) = (logn)t=.

@ f(H,S) — logn 4 glog(lfs) V\O"” o )
@f(ms) — 10Qlesn . 2100lox(1/5) MOJ,QO] [[

10
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10 Valid flows (6%)

Which of the following examples of flows in a flow network are valid?

(10

11
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11 Max flow (6%)

In this conrse we defined the flow value of a valid flow f in 7 = (V, E') from a sonrce s to
a sink # as the amount of flow going out of the source minus the amount of flow going into

hie source:
e Vi) = (X fls)) = (X rtvs)
el eV

Consider the case where we deline it as the amount of flow going into the sink minus the
amount of How going out of the sink:

Vilf) = (Zf(rl,t}) - (Zf(;_,,})_

vl vel’

Are the two definitions the equivalent (that is, Vi(f) = Vi(f)) and why?

@Flu‘y are equivalent becanse of the max-flow min-cut theorem.

5. They are equivalent becanse of the capacity constraint.

13
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12 TSP algorithm (6%)

We showed in class that there is a polynomial-time 2-approximation algorithm for the TSP
problem when the triangle inequality holds, Which of the following statements is true for
an instance (7, ¢) of TSP when the triangle inequality is nof satisfied?

1. Let T be any spanning tree of . Then the cost of T is always at most the cost of
the shortest TSP tour H*.

Let T be any minimum spanning tree of . Then the cost of T is always at most the
cost of the shortest TSP tour H*.

3. Tt may be the case that every spanning tree of G has larger cost than the cost of H*.
o
4. Tt may be the case that the cost of the full-walk W on T (as defined in the algorithm)
has larger cost than twice the cost of T

@t may be the case that the cost of the tour H constructed by the algorithm from
the full-walk W is larger than the cost of W,

14

II. Open questions
1 Flows (7%)

{a) Define the notion “angmenting path”.

(b) Let & be a flow network with a source s and a sink . Denote by n the number of
vertices in 7. Assume that the number of edges on the shortest path from s to t is D,
Also assume that for every node v € {s,t}, there is a unique path from s to v. Assume
that all capacities are in [0, 1]. Prove that the maximum flow value on (7 is at most 22,

/‘.\ M saan [:fn,\w oA e b, (ﬁ\ - C\// [—:\ @/Vl@( O
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2 Randomized algorithms (7%)

{a) If we have a coin that lands on “head” with chance p € (0, 1), what is the expected
number of time we need to toss it until we get the first “head”?

{b) Let & = (V. E) be a graph with |V| = 300 vertices and |E| = m edges. For § TV,

7 denote by e(5, 5%) the number of edges in G with one endpoint in & and one endpoint
¢ outside 5. Prove that there 1s 5 © V of size |S| < 10 5o that S, 5¢) = %

)

0) PO head) = T .

eyvetted corolg ol tecs= "9
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3 Complexity (7%)
(a) Define the notion “the langnage L is NP-complete”.

(b) Assume that P = NP. Show that there is a polynomial-time algorithi that takes as
input a graph & = (V. £), and outputs a set of vertices i C (7 that forms a clique in & of

maximum size.

C‘}/) tle \axﬂg(ﬁ%?& L /s N?—CQ)MP/QfC) NS
D LENY cnd
U o L for e’z L ENY

it ment1S Lpor D we Com verf 16 )
Polmoyvo Gime  paehi

U4 xeho W] e 15 o 402" wion 1y 1)
56, ACX/\/}:j

D) PR e e mus hew,
tao{go/vd VELTEX-COVER in Polimomiay te
ool G, e

e e Gtk ooe GUELERTE g
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4 Approximation (7%)

{a) Consider a term of the form ¢4 W #5w £3 £ where £, ... £y are literals. If the input to
the term is chosen uniformly at random, what is the chance that the term evaluates to 17

(b} If we run the RANDOM-ASSIGNMENT algorithm for MAX-4-5AT instead of MAX-
3-SAT. is it still an ;—upproxinmt-iou'? If vour answer is ves, prove it. If your answer is no,
give a new approximation ratio and prove it.
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1. VEB Tree Operations Complexity

Let u denote the universe size of a Van Emde Boas (VEB) tree. Which of the following statements
about the time complexity of operations on a VEB tree is correct?

@ INSERT operation takes O(log log u) time. </t o >
@ DELETE operation takes O(log u) time. (00 Kog

1t one elursve Call

@)SUCCESSOR operation takes O(log log u) time.
X_MEMBER operation takes O(1) time.
@ MINIMUM operation takes O(log u) timE.OC ()

2. Structure of VEB Trees

Which of the following attributes are part of a Van Emde Boas (VEB) tree with universe size u > 2?
1. Anarray A to store all keys.

@ Attributes min and max to store the minimum and maximum keys, respectively.

@A pointer to a summary structure of size \/t_.i,.

@ A cluster array of ﬁ pointers, each pointing to a VEB tree of size \/1_;

5. Alinked list to track predecessor and successor relationships.

Open Question

3. Recursive Structure of VEB Trees

Explain how recursion is used in the design of Van Emde Boas (VEB) trees to achieve O(log log u)
time complexity for operations like SUCCESSOR and PREDECESSOR. Include the role of the summary
structure and the cluster array in your explanation.

VLLW G mar?- ‘Hn@ S Tt e (2 hoBe
‘%/DM (we C)W[f hove 1O Moewe one

(e CWSle Coll —o e SubStultime
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1. Parameterized Complexity and Fixed-Parameter Tractability
Which of the following is true about Fixed-Parameter Tractable (FPT) algorithms in parameterized
complexity?

‘){'\An FPT algarithm hasﬁa running time of f(k) - n?"*), where f(k) and g(k) are non-decreasing
functions. € (<) 1

@n FPT algarithm’s running time is f(k) - n%, where f(k) is a computable function of k, and ¢
is a canstant independent of k and n.

3. FPT algarithms can solve NP-complete problems in polynomial time for all k.(,—\m/ o FXZL{ L
@ The FPT class is a subset of the XP class,

2. Exact Exponential Algorithms for TSP

Caonsider the dynamic programming algorithm for sclving the Traveling Salesman Problem (TSP).

Which of the following statements are true about its complexity?
CD The algorithm runs in O{n! - n) time.
@The algorithm uses 0*(2") time.
31 The space complexity is £2(2"). C&VM‘) urtes nﬂ’. /bn Sk yteSt To1AG
4, The algorithm’s time complexity can be improved beyond O*(2") using dynamic programming
techniques. \O Wy % (P bl P;‘V? ?
@The algorithm uses (1 - 27) operations to compute the optimal solutian. ?@;6'14 5]

Open Question

3. Branching Algorithm for Maximum Independent Set (MIS)

Describe how the Branch & Reduce algorithm works for solving the Maximum Independent Set (MIS)
prablem. Provide an example of how the algorithm branches and discuss its time complexity. Include
a brief explanation of the recurrence used to analyze the algorithm,

Randomized Quicksert

1. Let A ba an array of size 01 = 1. When running the Randomized Quicksort algorithm, which of
g about the o tua?

1. Tha pivit s alwiys the frst akemsnt af te amay. TZMJ‘,m

s selocted randomly with ecual prabiabiity ram sl semants in B ary.

3. Tha pivet i ehasan i the median of the array.

s welinctned rarbmly, but andy Tram the Frst half of the sy,

2. Far an seray ol size fi. the sxpected natime af Randomised Quicksoet is:
@ocu-m
')
3. O+ logn)
4. Nlogn).

3. Burng the parbtioning step in Randomized Cuicksort, what b the expected number of

canm i parbarrsed an an arvy of i 07

i

-1 (;wbﬂ h) -2 %—L
3on o+ bogn 741!”[”) n HV) - nh'—lk‘
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Wihich of the falowing = true

1. The worst-case runtme s O log n).

@rnc worst-case runkime is C(n), but it happens with very low pronablity.

3. The worst-case untime s ©(n”) and cccurs with probakslity 1,2

4. Tha worst-case nankine naver oeows dua to rndomization.

Hashing

5. Let H be s unheeral hash function thet megs (1] to [, What s the sxpested number of
oollsions when inserting & distinct elements into the hash table?

1k
2 ke
3 nk.
A kin

6. In & hash fabls using ehaining tar collsion rschutian, which of the lolkrwing is true about the

o) Hosh
o ptet

oan hesh
eqully

t
3|

\
tw -

3\0
2 4o
sk s-
4 At
) 3P s\

wapmstud length ol & chain wien k keys see inserted info o tabin af sive 77

The aspactad chain langth i k,/m. assusving uniform hashieg.

2. The ewpe:

chai length is m/ k.

3, The supected chain length is k - 1, mesming unifars hashing.

4. Th axpactad chain langth b abways 1, regardbess of k s me

7. Let H be a strong unwversal hash function mapping [n] 1o [m]. For x.y € [m|, 1 # g, which of

e fiodboning pobabilities is troe?
orrjm:; = Higl] = 1/m.
2 PrHiz) = Higl] = 1/
1. PriMiz) = Hig)| = 1/[m").
4. PriH{z) = Higl] = 1/in’}

& In open-address hashing with lresr probing, which of the folowing is frue?

1. The lzad tactar sheuld shwirs ko s than 0.5 ta svaid custerng.

2. Duadratic probing is sways better than linsar probing.

3. The expected bme for meeech is 01/

x|}, where o is the load factor.

A, Husk corliviorn are avaickeed covgibatily if the hash Runetien is uriersal.

Expected number of collisions

A comman way ta count colisicns in the context of hashing is by caurting the rumber of colliding

pairs (i, ) with § < j.If k distinct elements T, ;.

the par (1, x;) d and anly f Hiz;) = Hiz;).

+ Ty are hashed, a collision ocours between

® Stop Tt For each pair (i, j}with 1 <4 < § < & let the indicabor random varisble

_ v iHE) = Hiw),
x"'{n atlerwise,

® Step 2: The total nuriber of collisions X amoeg these & iterns is then

E[X] = E [

+ Step d: Because the hash family is universal,

. the amprected valis of X, By the brearity of sapectation,

= ¥ Ex

siojsk

EXyl = PrlH{z) = Hiz) = :‘

This is true far each pair [i. j).
* Step & There are (3] = %

B

X = Y %:

1zicizk

Hence, the expected number of collisicrs

(z

such pairs. Therefore,

ke d a universal hash

function is

|m-|]

2n
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